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Continuous functions

Last day, we made the following definition:

Definition 1 We say the function f is continuous at a number a if

lim
x→a

f (x) = f (a).

In order for a function f to be continuous at a, we must have

I f (a) is defined (a is in the domain of f ).

I limx→a f (x) exists.

I limx→a f (x) = f (a).

I If any one of the above 3 conditions fail, f is discontinuous at a.

I The discontinuities may be removable discontinuities, jump discontinuities
or infinite discontinuities.
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Continuous from left and right

All of the above-mentioned types of discontinuities are evident in the graph
below:

A function f is continuous from the right at a number a if limx→a+ = f (a).
A function f is continuous from the left at a number a if limx→a− = f (a).

I The function above is NOT continuous from the left at x = 3, 5 and 10.

I The function above IS continuous from the left at x = 7 and at any point
where the function is continuous.

I The function above is NOT continuous from the right at x = 5, 10 and 7

I The function above IS continuous from the right at x = 3 and at any
point where the function is continuous.
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Continuity on an interval

Definition A function f is continuous on an interval if it is continuous at every
number in the interval. (If f is defined only on one side of an endpoint of the
interval, we understand continuous at the endpoint to mean continuous from
the right or continuous from the left at the endpoint as appropriate. )

I The function shown above is continuous on the intervals (−∞, 0] and
(−∞, 3) since it is continuous at every point in these intervals.

I The function shown above is NOT continuous on the interval [3, 7] since
the function is not continuous at the point 5 in the interval.

I The longest interval of the form (−∞, a) or (−∞, a] on which the above
function is continuous is (−∞, 3).

I The longest interval of the form (5, a) or (5, a] on which the above
function is continuous is (5, 7].
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Functions continuous on their domains

Last week, we saw that

I A polynomial function, P(x) = c0 + c1x + c2x
2 + · · ·+ cnx

n, is continuous
everywhere i.e. limx→a P(x) = P(a) for all real numbers a.

I A rational function, f (x) = P(x)
Q(x)

, where P(x) and Q(x) are polynomials is

continuous on its domain, i.e. limx→a f (x) = P(a)
Q(a)

for all values of a,

where Q(a) 6= 0.

I If f (x) = n
√

x , where n is a positive integer, then f (x) is continuous on the
interval [0,∞). We can use symmetry of graphs to extend this to show
that f (x) is continuous on the interval (−∞,∞), when n is odd. Hence
all n th root functions are continuous on their domains.

I Theorem (proof at end of notes) The functions sin x and cos x are
continuous on the interval (−∞,∞). In particular; for any real number a,
we can evaluate the limits below by direct substitution

lim
x→a

sin x = sin a, lim
x→a

cos x = cos a.
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Algebraic combinations of the above functions

Theorem 2 If f and g are continuous at a and c is constant, then the
following functions are also continuous at a:

1. f +g 2. f −g 3. cf 4. fg 5.
f

g
if g(a) 6= 0.

I Note Collecting the above results, we can show that the following
types of functions and combinations of them using +,−, · and ·· are
continuous on their domains:

Polynomial Functions Rational functions
Root Functions Trigonometric functions

I For example all of the trigonometric function sin x , cos x , tan x , sec x ,
csc x , cot x are continuous on their domains.

I For example the function k(x) = 3
√

x(x2 + 2x + 1) + x+1
x−10

is continuous
on its domain. (see notes for details).
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Examples

Example Find the domain of the following function and use the theorem

above to show that it is continuous on its domain: g(x) = (x2+3)2

x−10
.

I Domain of g = {x ∈ R|x 6= 10}.
I Since it is a quotient of polynomials, (or a rational function) it is

continuous on its domain.

Example Let

m(x) =


cx2 + 1 x ≥ 2
10− x x < 2

For which value of c is m(x) a continuous function?

I Since cx2 + 1 and 10− x are polynomials, there are continuous on the
intervals (2,∞) and (−∞, 2) respectively.

I The function m(x) is continuous when the pieces meet, that is when
cx2 + 1 = 10− x at x = 2.

I That is when 4c + 1 = 8 or 4c = 7 or c = 7/4.
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More Examples

Using continuity to calculate limits.

Note If a function f (x) is continuous on its domain and if a is in the
domain of f , then

lim
x→a

f (x) = f (a).

That is, if a is in the domain of f , we can calculate the limit at a by evaluation.
If a is not in the domain of f , we can sometimes use the methods discussed in
the last lecture to determine if the limit exists or find its value.

Example Find the following limit:

lim
x→π

2

x cos2 x

x + sin x

I Since π
2

is in the domain of the function f (x) = x cos2 x
x+sin x

(which is
continuous on its domain), we can just evaluate to get the limit.

I limx→π
2

x cos2 x
x+sin x

=
π
2

cos2( π
2

)
π
2

+sin( π
2

)
=

π
2
·0

π
2

+1
= 0.
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Composition of Functions

Composition of functions
We can further expand our catalogue of function continuous on their domains
by considering composition of functions.

Theorem 3 If G is a continuous at a and F is continuous at G(a), then the
composite function F ◦ G given by (F ◦ G)(x) = F (G(x)) is continuous at a,
and

lim
x→a

(F ◦ G)(x) = (F ◦ G)(a).

That is :
lim
x→a

F (G(x)) = F ( lim
x→a

G(x)).

Note that when the above conditions are met, we can calculate the limit by
direct substitution.

Recall that the domain of F ◦ G is the set of points
{x ∈ domG |G(x) ∈ domF}. Using this and the theorem above we get:

Theorem If f (x) = F (G(x)), then f is continuous at all points in its domain if
G is continuous at all points in its domain and F is continuous at all points in
its domain. ( Note that we can repeat the process to get the same result for a
function of the form F (G(H(x))). )
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Example

Example (a) Find the domain of the following function and determine if it is
continuous on its domain?:

f (x) = cos(x3 + 1).

Recall : If G(x) = x3 + 1 and F (x) = cos x , then F (G(x)) = cos(x3 + 1).

I Domain of
F (G(x)) = {x ∈ domG |G(x) ∈ domF} = {x ∈ R|x3 + 1 ∈ R} = all real
numbers.

I This function is continuous on its domain since both F and G are
continuous on their domains.

(b) What is limx→5 cos(x3 + 1)?

I Since f is continuous for all real numbers, we can just evaluate the
function at x = 5 to find the limit.

I limx→5 cos(x3 + 1) = cos(53 + 1) = cos(126).
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Another Example

Example Recall that last day we found limx→0 x2 sin(1/x) using the squeeze
theorem. What is the limit?

Does the function

n(x) =


x2 sin(1/x) x > 0
x2 sin(1/x) x < 0

have a removable discontinuity at zero?
(in other words can I define the function to have a value at x = 0 making a
continuous function?)

n1(x) =

8<:
x2 sin(1/x) x > 0

? x = 0
x2 sin(1/x) x < 0

I yes if we define n1(x) = 0 at x = 0, the function n1 will be continuous.
(note that sin(1/x) is continuous on its domain because it is a
composition of continuous functions and hence x2 sin(1/x) is also
continuous on its domain ({x |x 6= 0}).
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Intermediate Value Theorem

Intermediate value Theorem Suppose that f (x) is continuous on the closed
interval [a, b] and let N be any number between f (a) and f (b) (f (a) 6= f (b)),
then there exists a number c in the interval (a, b) with f (c) = N.

Example use the intermediate value theorem to show that there is a root of
the equation in the specified interval:

cos x = x2 (0, π)

I Let f (x) = cos x − x2. f is a continuous function with f (0) = 1 > 0 and
f (π) = −1− π2 < 0.

I According to the intermediate value theorem, there must be a number c
with 0 < c < π for which f (c) = 0.

I If f (c) = 0, we have cos c − c2 = 0 or cos c = c2 and c is a root of the
equation given.
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Slopes of Tangents/Curves

Recall from Lecture 2 that our intuition tells us that the slope of the tangent
line to the curve at the point P is (see Mathematica Files)

m = lim
Q→P

mPQ = lim
x→a

mPQ = lim
x→a

f (x)− f (a)

x − a
.

I We can now calculate some of these limits much more swiftly than we
could in Lecture 2, where we were limited to guesswork.

I We first make a concrete definition of the tangent line to a curve at a
point (finding a suitable definition was something we struggled with in
Lecture 2):

I Definition When f (x) is defined in an open interval containing a, the
Tangent Line to the curve y = f (x) at the point P(a, f (a)) is the line
through P with slope

m = lim
x→a

f (x)− f (a)

x − a

provided that the limit exists.
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Example

Dx

Dy

P

Q

a

fHaL

x

fHxL

x

y

y = fHxL, mPQ =
Dy

Dx
=
f HxL - f HaL

x - a

We spent a lot of time on the following problem in Lecture 2, we can now solve
it very quickly:
Example Find the equation of the tangent line to the curve y =

√
x at

P(1, 1).

I m = limx→a
f (x)−f (a)

x−a
= limx→1

√
x−
√

1
x−1

I = limx→1
(
√

x−
√

1)(
√

x+1)

(x−1)(
√

x+1)
= limx→1

(x−1)

(x−1)(
√

x+1)
= limx→1

1√
x+1

= 1/2

I The equation of the tangent to the curve at P(1, 1) is
(y − 1) = m(x − 1) or (y − 1) = 1

2
(x − 1) or y = 1

2
x + 1

2
.
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Alternative form of limit

Dx = h

Dy

P

Q

a

fHaL

x = a + h

fHa + hL

x

y

y = fHxL, mPQ =
Dy

Dx
=
f Ha + hL - f HaL

h

Note The limit in the definition of a tangent can be rewritten as follows:
m = limx→a

f (x)−f (a)
x−a

= limh→0
f (a+h)−f (a)

h
.

Example Find the equation of the tangent line to the graph of
f (x) = x2 + 5x at the point (1, 6).

I m = limh→0
f (a+h)−f (a)

h
= limh→0

f (1+h)−f (1)
h

= limh→0
(1+h)2+5(1+h)−6

h

I = limh→0
(1+2h+h2)+(5+5h)−6

h
= limh→0

2h+h2+5h
h

= limh→0
h(h+7)

h

I = limh→0(h + 7) = 7

I The tangent line at (1, 6) is given by y − 6 = 7(x − 1) or y = 7x − 1.
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Derivative of a function at a point a

Definition When f (x) is defined in an open interval containing a, the
derivative of the function f at the number a is

f ′(a) = lim
h→0

f (a + h)− f (a)

h
= lim

x→a

f (x)− f (a)

x − a

if the limit exists.

Note The slope of the tangent line to the graph y = f (x) at the point
(a, f (a)) is the derivative of f at a, f ′(a). (When f ′(a) exists it is sometimes
referred to as the slope of the curve y = f (x) at x = a. )

Example Let f (x) = x2 + 5x . Find f ′(a), f ′(2) and f ′(−1).

I f ′(a) = limh→0
f (a+h)−f (a)

h
= limh→0

f (a+h)−f (a)
h

=

limh→0
(a+h)2+5(a+h)−(a2+5a)

h

I = limh→0
(a2+2ah+h2)+(5a+5h)−a2−5a

h
= limh→0

2ah+h2+5h
h

= limh→0
h(h+2a+5)

h

I = limh→0(h + 2a + 5) = 2a + 5

I When a = 2, we get f ′(2) = 2(2) + 5 = 9.

I When a = −1, we get f ′(−1) = 2(−1) + 5 = 3.
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Derivative and Equation of Tangent at a.

Equation of the Tangent Line Note that the equation of the tangent line to
the graph of a function f at the point (a, f (a)) is given by

(y − f (a)) = f ′(a)(x − a).

(since the derivative of the function at a is the slope of the tangent at a.)

Example Find the equation of the tangent line to the graph y = x2 + 5x at
the point where x = 2.

I We saw above that f ′(2) = 9, where f (x) = x2 + 5x . The point on the
curve when x = 2 is (2, 14).

I So the equation of the tangent line to the curve at x = 2 is
(y − 14) = 9(x − 2) or y = 9x − 4.

Find the equation of the tangent line to the graph y = x2 + 5x at the point
where x = −1.

I We saw above that f ′(−1) = 3, where f (x) = x2 + 5x . The point on the
curve when x = −1 is (−1,−4).

I So the equation of the tangent line to the curve at x = −1 is
(y + 4) = 3(x + 1) or y = 3x − 1.
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Positive/Negative Derivative

Note Since the derivative of f (x) at any point on the curve (if it exists)
measures the slope of the curve or the slope of a tangent, our intuition allows
us to make the following statements, which can be verified algebraically:

I When the derivative of a function f at a is positive, the function is
increasing.

I When the derivative of a function f at a is negative, the function is
decreasing.

I When the absolute value of the derivative is small, the function is
changing slowly (a small change in the value of x leads to a small change
in the value of f (x)).

I When the absolute value of the derivative is large, the function values are
changing rapidly (a small change in x leads to a large change in f (x)).

I We will explore this in more detail next day.
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Recognizing Limits as derivatives

Some limits are easy to calculate when we recognize them as derivatives:

Example The following limits represent the derivative of a function f at a
number a. In each case, what is f (x) and a?

I (a) limx→π
4

sin x− 1√
2

x−π/4

I = limx→π
4

f (x)−f (a)
x−π/4

I f (x) = sin x , a = π/4. (Check that sin(π/4) = 1/
√

2. )

I (b) limh→0
(1+h)4+(1+h)−2

h

I limh→0
(1+h)4+(1+h)−2

h
= limh→0

f (a+h)−f (a)
h

.

I f (a + h) = (1 + h)4 + (1 + h), f (a) = 2.

I f (x) = x4 + x and a = 1 works.
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Velocity as a derivative

If an object moves in a straight line, the displacement from the origin at time t
is given by the position function s = f (t), where s is the displacement of the
object from the origin at time t.
The average velocity of the object over the time interval [t1, t2] is given by

f (t2)− f (t1)

t2 − t1
.

The velocity (or instantaneous velocity) at time t = a is given by the
following limit of average velocities:

v(a) = lim
t→a

f (t)− f (a)

t − a
= lim

h→0

f (a + h)− f (a)

h
= f ′(a)

Thus the velocity at time t = a is the slope of the tangent line to the curve
y = s = f (t) at the point where t = a.

Example The position function of a stone thrown from a bridge is given by
(height = ) s(t) = 10t − 16t2 feet (below the bridge) after t seconds.

I (a) What is the average velocity of the stone between t1 = 1 and t2 = 5
seconds?

I average velocity =
change in position

time = s(5)−s(1)
5−1

I = 10(5)−16(25)−[10(1)−16]
4

= −86 ft/s.
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(height = ) s(t) = 10t − 16t2 feet (below the bridge) after t seconds.

I (a) What is the average velocity of the stone between t1 = 1 and t2 = 5
seconds?

I average velocity =
change in position

time = s(5)−s(1)
5−1

I = 10(5)−16(25)−[10(1)−16]
4

= −86 ft/s.
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Example

Example The position function of a stone thrown from a bridge is given by
(height = ) s(t) = 10t − 16t2 feet (below the bridge) after t seconds.

I (b) What is the instantaneous velocity of the stone at t = 1 second.
(Note that speed = |Velocity|)?

I Instantaneous velocity at t = 1 = s ′(1) = limh→0
s(1+h)−s(1)

h

I = limh→0
10(1+h)−16(1+h)2−[10−16]

h

I = limh→0
10+10h−16(1+2h+h2)−[10−16]

h

I = limh→0
10+10h−16−32h−16h2−[10−16]

h

I = limh→0
−22h−16h2

h

I = limh→0
h(16h−22)

h

I = limh→0(16h − 22) = −22.

I Instantaneous velocity at t = 1 is −22 ft/s
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Different Notation, Rates of change, ∆x , ∆y

Dx

Dy

P

Q

x1

fHx1L

x2

fHx2L

x

y

y = fHxL, mPQ =
Dy

Dx
=
f Hx2L - f Hx1L

x2 - x1

With the above notation, ∆x = x2 − x1 and ∆y = f (x2)− f (x1). Slope of the
secant PQ = the difference quotient =
∆y
∆x

= f (x2)−f (x1)
x2−x1

= the average rate of change of y with respect to x .

The instantaneous rate of change of y with respect to x , when x = x1 is
lim∆x→0

∆y
∆x

= limx2→x1

f (x2)−f (x1)
x2−x1

(= f ′(x1)).

In economics, the instantaneous rate of change of the cost function (revenue
function) is called the Marginal Cost (Marginal Revenue ).
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